Various semi-classical sum rules are obtained for matrix elements of smooth observables using semi-classical estimates of time evolved coherent states together with stationary phase theorems.
Introduction
Semi-classical sum rules are often encountered in the physics literature, in relationship with the so-called problem of quantum chaos 1, 5, 10, 12, 13, 14, 17] . In this respect, the statistical properties of transition probabilities (equal to the squared matrix elements of operators having a classical limit) are investigated, and in particular their uctuation properties around a smooth mean part. Several sum rule formulas have been established, in connection with the more or less ergodic (or mixing) properties of the underlying classical dynamics. However these derivations are most of the time rather heuristic and in particular it is not always clear which "chaotic" properties of the classical dynamics are actually needed to obtain them (namely ergodicity or mixing properties). Moreover, the use of "coherent states" is often suggested, in connection with their intuitive link with the classical phase space picture, but their precise relevance and usefulness has never been established rigorously, up to now, to our knowledge.
On the other side, the mathematical literature has provided a new insight into the semi-classical behavior of classically chaotic systems 16, 8, 18, 19] . Most of these works rely on the pseudo-di erential calculus 9] and microlocal analysis 15, 8] which allows a precise treatment of the dominant terms and of the remainder when h goes to zero. Recently a study of the classical limit of matrix elements of an observable has also been proposed, which tends to avoid the whole microlocal machinery by making use of the usual coherent states and the corresponding Bargmann representation 11]. However the problems to which this study applies are essentially those of a regular classical dynamics, and the particular way that h tends to zero in this approach re ects this particular situation via a \Bohr-Sommerfeld type condition".
Here we want to develop a method for obtaining semi-classical sum rules also by avoiding the whole pseudo-di erential calculus, but instead by making use of precise semiclassical evolution estimates of generalized coherent states 6, 7, 3] . These estimates combined with the stationary phase theorems, allow a simple derivation of various sum rules in the semi-classical limit, with a precise estimate of the errors terms, and they can be applied to situations where the corresponding classical motion is chaotic. It is an alternative of our preceeding work 4], where similar results were obtained through the usual pseudo-di erential calculus. This approach, has several advantages and drawbacks connected with the use of the coherent states, that we shall stress in the course of the paper. 1 2 An elementary sum rule for diagonal, matrix elements.
We shall consider a quantum system in L 2 (R I n ) where dynamics is governed by the Schr odinger Hamiltonian
where is the Laplacian in L 2 (R I n ), and V (x) a real potential function in C 1 (R I n )
such that
for suitable C and > 0. We furthermore assume that (H:1) the spectrum of P( h) is purely discrete on I cl , I cl being an energy interval centered around E. We denote by E j and ' j respectively the eigenvalues and eigenstates of P( h) belonging to I cl . Of course they depend on h.
Let A be a self-adjoint operator in L 2 (R I n ) originating from a symbol a(q; p) 
where d E is the Liouville measure on P E , and \almost all j" can be given a precise meaning independent of the operator A. Here we shall be interested to a semi-classical estimate of a sum like :
where g is a real function on R I whose Fourier transformĝ is of compact support. This estimate is less accurate than property (2.4) and in particular it holds without ergodicity assumption on the classical ow. However it is interesting in itself, in particular as a preparation on a more sophisticated sum rule bearing on the variance of the statistical distribution of the series of non diagonal elements fA jh ( h)g jk , which will be discussed in the following section. The tools and estimates will be essentially the same in both sections, but we hope that they will be more transparent in the simpler case of (2.5).
Theorem 1
Let A be a self-adjoint operator in L 2 (R I n ) with symbol a(q; p) being in C 1 (R I n R I n ), and let g be a real function on R I whose Fourier transform g is of compact support, with support contained in ?T; T]. Let I cl R I be a classical energy interval centered around E such that the spectrum of P( h) = ? h 2 + V is purely discrete on I cl , and denote by E j and ' j respectively the eigenvalues and eigenstates of P( h). Then if T is small enough, there exists h T small enough such that
where E is the energy surface p 2 + V (q) = E, with E (z) the Liouville measure on it, and where a E (z) is the restriction of the symbol a(q; p) to E . We now recall known results by Hagedorn and others 3, 6, 7] about the semiclassical estimate of the quantum evolution of coherent states. Assuming that the potential V has polynomially bounded derivatives, we give the result in a slightly di erent form than in the literature, since we need here an estimate on the behavior of the error term when moves in phase space. B t being a n n complex hermitian matrix de ned in 3], (t) = S(t) ? qt:pt?q:p
, and the operator T(B) is de ned below ((2.29))
We do not give here the detailed proof of Proposition 2, since it is a simple extension of the estimates of ref. 3, 6] : recall that it is obtained through a Taylor expansion of V (x) around the classical trajectory at time t, up to order 2, and that the error term in this Taylor expansion is dealt with through the Duhamel formula ; then using estimate (2.2) for the higher order derivatives of V , it is not di cult to extract an explicit factor (1 + j j 2 ) 0 in the R.H.S. of (2.24).
We now plug estimate (2.24) into (2.15) for a suitable value of`that we shall determine for our purposes :
where, using Lemma 1 and Proposition 2 with`= 4 : 4 h ) But the integral in (q 0 ; p 0 ) is nite due to the compact support property of a in R I 2n . Furthermore there exists a constant C such that the integral over (q; p) is dominated by C(2 h) n for h small. Therefore we get jT (E)j C 00 (2 h) ?n+2 (2.28) We shall now estimate the rst term in (2.26). Then we shall use the very simple properties of the \squeezed states" ;t to study their contribution to the rst term of (2.26). The very interest of the squeezed states formalism is that their scalar product with various coherent states reduce to very simple expressions using simply the algebra of the multidimensional creation and annihilation operators a + and a. We Now, since E is a regular value of the classical ow, jzj 6 = 0, and it is easy to see that the rank of Hess j M E is simply 2(n + 1).
Let us denote by d E (q; p) the Liouville measure on E . Now theorem (7.7.12) of H ormander applied to (2.41) yields : Remark 1 Nowhere in this proof the estimates are restricted to a small time interval ?T; T], but only to nite T. Therefore, through this method, we can hope in principle to get the rst periodic-orbit contributions to S(E) by takinĝ g with larger and larger support property. Remark 2 By the same method we can get a full asymptotic expansion in h for S(E) ; namely proposition 2 and the stationary phase method give a complete expansion in h up to arbitrary order.
3 A sum rule for the variance of the statistical distribution of the matrix elements A jk ( h)
In 16] Wilkinson proposes the following de nition for the variance : 
where C a (E; t) is the classical autocorrelation function
t being the classical ow corresponding to P( h).
Proof of theorem 2 : Using the de nition of the Fourier transform, and the de nition of the trace of an operator, we easily get : S f;g ( h; E; E) = (2 h) ?2 Rf (s)ĝ(t)e it E= h e isE= h TrfAU(t + s 2 ) AU( s 2 ? t)gdsdt (3.4) where U(s) = expf?isP ( h)= hg is the quantum propagator for the Hamiltonian P( h). Now we shall use formula (2.12) relating the trace of an operator to the integral of its expectation value in the coherent states, together with formula (2.14) relating an operator to its symbol via the Anti-Wick quantization condition, and we obtain :
2 )' 00 >< U(t ? s 2 )' 00; ' > (3.5) where d denotes d n qd n p ( = (q; p) 2 R I 2n ). Now we shall use Lemma 2, with a suitable value of`, namely`= 2(n + 2).
We shall establish that estimate (2.24)with`= 2(n+2) is su cient to control the correction terms in (3.5).
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S f;g ( h; E; E) = (2 h) ?3n?2 Rf (s)ĝ(t)e it E= h+isE= h+i (t+ s j < ' 00; ;?t+ s 2 > j C (3.9) so that, by similar estimates as in section 2, we simply get : jR( h; t)j C(2 h) ?2n?2 : h n+2 = C(2 h) ?n (3.10) Therefore we are simply left with the rst term of equation (3.6) , that we shall estimate via stationary phase theorems.
Using Lemma 4, we shall now prove Theorem 2 via the stationary phase theorem 9], Theorem 7.7.12] ; namely, as in Section 2, the integration support in 0 and 00 can be taken to be compact using the regularized operator A ( h) de ned by (2.7), and the integration support in can also be taken as a compact one using non-stationary phase estimates. However we expect, in principle, that suitable cancellations between O( h 1=2 ) terms actually occur, allowing to show that the coe cient of h 1=2 is zero, and more generally that so are the coe cients of h m=2 (with m odd), so that a complete asymptotic expansion in h appears in theorem 2 (see our results in 4]). 16 
Concluding remark
The use of coherent states in this approach, and more precisely of the estimate of Lemma 2 have imposed us that the di erential term in the operator P( h) be of the form ? h 2 . Namely the spirit of such estimates is to take a Taylor expansion of the Hamiltonian around a classical phase space point t = (q t ; p t ) belonging to some classical orbit, and to control the time evolution of a corresponding \toy hamiltonian" P 2 + !(t)Q 2 (where P = ?i hr, and Q is multiplication by x as usual). But this toy hamiltonian, being quadratic both in P and Q evolves quantum coherent states into their cousins the squeezed states (or generalized squeezed states) given by (2.25) . This explains the relevance of such generalized squeezed states in our semi-classical time-dependent estimates.
However we do not think that this restriction to kinetic energy of the form ? h 2 is really imposed by the \coherent states" method, for the following reason : by extending Hagedorn's results, we can hope that the \squeezed states approach" can be generalized to more general h-pseudodi erential Hamiltonians (this extension is presently under study). This has the advantage of keeping the parallelism with the WKB approach more transparent.
On the other hand, note that the usual semi-classical estimates of the quantum propagator via the microlocal approach requires, in its simpler form, the time domain to be very small, because of turning points problems, and an iteration procedure is needed to get nite time intervals. Here, on the contrary, the time interval is not restricted, and can be any ?T; T]; T > 0. The statement, in Theorems 1 and 2 that the support ofĝ (resp.f) is small is only imposed in order to get the \Weyl term" in the RHS of (2.6) and (3.2), and not the contribution of other periodic orbits which appears naturally through the stationary phase theorem. We have not done it explicitely here, for the sake of simplicity, but we want to stress that it could be possible in principle to obtain them by takinĝ g(resp.f) with larger support property.
